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Definition:

Types:

The technique of integration can be applied to find the lengths 
of given plane curves. This process is called as rectification

1. Using 
𝑑𝑦

𝑑𝑥

2. Using 
𝑑𝑥

𝑑𝑦

4. To find the length of a loop

3. To find the length of a curve in parametric form

5. Length of the arc of a curve given by 𝑟 = 𝑓(𝜃)
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Derivation of formula

Let the equation of curve be y= f(x)

A

B

P
Q

NM

s
𝛿𝑥

𝛿𝑦
𝛿𝑠

(𝛿𝑠)2= (𝛿𝑥)2+(𝛿𝑦)2

𝛿𝑠

𝛿𝑥

2

= 1 +
𝛿𝑦

𝛿𝑥

2

𝛿𝑠

𝛿𝑥
= 1 +

𝛿𝑦

𝛿𝑥

2

Taking the limits as 𝛿𝑥 → 0

𝑑𝑠

𝑑𝑥
= 1 +

𝑑𝑦

𝑑𝑥

2

𝑠 = න
𝑥1

𝑥2

1 +
𝑑𝑦

𝑑𝑥

2

𝑑𝑥
X

Y

(𝑥1, 𝑦1)

(𝑥2, 𝑦2)
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Types: Using 
𝑑𝑦

𝑑𝑥

Example 1:

𝑠 = න
𝑥1

𝑥2

1 +
𝑑𝑦

𝑑𝑥

2

𝑑𝑥

Find the total length of the curve 𝑥2/3 + 𝑦2/3 = 𝑎2/3

Solution :

Differentiating the given equation 

2

3
𝑥−1/3 +

2

3
𝑦−1/3

𝑑𝑦

𝑑𝑥
= 0

𝑥−1/3 + 𝑦−1/3
𝑑𝑦

𝑑𝑥
= 0

𝑑𝑦

𝑑𝑥
= −

𝑥−1/3

𝑦−1/3

𝑑𝑦

𝑑𝑥
= −

𝑦1/3

𝑥1/3

A(a,0)

B(0,a)
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𝑑𝑦

𝑑𝑥
= −

𝑦1/3

𝑥1/3

𝑠 = න
𝑎

0

1 + −
𝑦1/3

𝑥1/3

2

𝑑𝑥

𝑠 = න
𝑎

0

1 +
𝑦2/3

𝑥2/3
𝑑𝑥

𝑠 = න
𝑎

0 𝑥2/3 + 𝑦2/3

𝑥2/3
𝑑𝑥

𝑠 = න
𝑎

0 𝑎2/3

𝑥2/3
𝑑𝑥

𝑠 = න
𝑎

0 𝑎1/3

𝑥1/3
𝑑𝑥

𝑠 = න
𝑎

0

𝑎1/3 𝑥−1/3 𝑑𝑥

𝑠 = 𝑎1/3න
𝑎

0

𝑥−1/3 𝑑𝑥

𝑠 = 𝑎1/3
𝑥−

1
3+1

−
1
3+ 1

0

𝑎

𝑠 = 𝑎1/3
3

2
[0 − 𝑎2/3]

𝑠 = −
3

2
𝑎

∴ 𝑇𝑜𝑡𝑎𝑙 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑢𝑟𝑣𝑒

𝑠 = 4 𝑋
3

2
𝑎 = 6𝑎
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Example 2:

Find the total length of the parabola 𝑥2 = 4𝑦 𝑤ℎ𝑖𝑐ℎ 𝑙𝑖𝑒𝑠 𝑖𝑛𝑠𝑖𝑑𝑒
𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 𝑥2 + 𝑦2 = 6𝑦
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Type: Using 
𝑑𝑥

𝑑𝑦

Example 1:

𝑠 = න
𝑦1

𝑦2

1 +
𝑑𝑥

𝑑𝑦

2

𝑑𝑦

Show that the length of the parabola 𝑦2 = 4𝑎𝑥 from the vertex 

to the end of the latus rectum is a[ 2 + log 1 + 2 ]

Solution:

Let arc OP = s

x = 
𝑦2

4𝑎

𝑑𝑥

𝑑𝑦
= 

𝑦

2𝑎
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𝑑𝑥

𝑑𝑦
= 

𝑦

2𝑎

𝑠 = න
0

2𝑎

1 +
𝑦

2𝑎

2

𝑑𝑥

𝑠 = න
0

2𝑎

1 +
𝑦2

4𝑎2
𝑑𝑥

𝑠 =
1

2𝑎
න
0

2𝑎

4𝑎2 + 𝑦2 𝑑𝑥

𝑠 =
1

2𝑎

𝑦

2
4𝑎2 + 𝑦2 +

4𝑎2

2
log(𝑦 + 𝑦2 + 4𝑎2 )

𝑠 = 𝑎 2 + log(1 + 2)
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Example 2:

Find the length of the curve 𝑥 =
𝑦4

4
+

1

8𝑦2
from y = 1 to y = 2 
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